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There is a fixed matrix $A$, $A$ is a vector space $\mathbf{V}$. Suppose that $\dim \mathbf{V} > 1$, then there is a unique vector $v \in \mathbf{V}$, such that the rank of $A$ is $r$, and we have $Av = 0$, then what we can say about $r$? How does it depend on the given matrix $A$? A: Let $A$ be a

matrix of rank $r$ over $\mathbb{R}$ and let $A^{\text{T}}$ be its transpose. Then we have that the matrix $\begin{pmatrix} A & 0 \\ 0 & \frac{1}{r}A^{\text{T}}\end{pmatrix}$ has rank at most $2$. Thus $r \leq 2$ and the equality holds when and only when $A$ is a multiple of the matrix
$\begin{pmatrix} I_1 & 0 \\ 0 & I_2\end{pmatrix}$ where $I_1,I_2$ are two $2 \times 2$ identity matrices. A: Since $v^T A = 0$, it follows that $v^T
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